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Abstract. Westudy the problem of recovering the 3D shape of an unknown smooth specular surface from a single
image. The surface rel3ects a calibrated pattern onto the image plane of a calibrated camera. The pattern is such that
points are available in the image where position, orientations, and local scale may be measured (e.g. checkerboard).
We prst explore the differential relationship between the local geometry of the surface around the point of re3ection
and the local geometry in the image. We then study the inverse problem and give necessary and sufbcient conditions
for recovering surface position and shape. We prove that surface position and shape up to third order can be derived
as a function of local position, orientation and local scale measurements in the image when two orientations are
available at the same point (e.g. a corner). Information equivalent to scale and orientation measurements can be
also extracted from the ref3ection of a planar scene patch of arbitrary geometry, provided that the ref3ections of (at
least) 3 distinctive points may be identibed. We validate our theoretical results with both numerical simulations and
experiments with real surfaces.

1. Introduction and Motivation nous tissues, digital archival of artworks and heritage
objects, remote sensing of liquid surfaces, and diag-
Estimating the 3D shape of physical objects is one of nostic of space metallic structures.
most useful functions of vision. Texture, shading, con-  Although specular surfaces are difbcult to measure
tour, stereoscopy, motion parallax and active projection with traditional techniques, specular reRections present
of structured lighting are the most frequently studied an additional cue that potentially may be exploited for
cues for recovering 3D shape. These cues, however,shape recovery. A curved mirror produces Odistorted®
are often inadequate for recovering the shape of shiny images of the surrounding world (see Fig. 1(a)). For
refRective objects, such as a silver plate, a glass gobletexample, the image of a straight line ref3ected by a
or a well-washed automobile, since it is not possible curved mirroris, in general, acurve. ltis clear that such
to observe their surfaces directly, rather only what they distortions are systematically related to the shape of the
ref3ect. surface. Is it possible to invert this map, and recover the
Yet, the ability of recovering the shape of specular or shape of the mirror from its reected images?
highly reRective surfaces is valuable in many applica- The general Oinverse mirrorQ problem is clearly
tions such as industrial metrology of polished metallic under-constrained: by opportunely manipulating the
and plastic parts, medical imaging of moist or gelati- surrounding world, we may produce a great variety of
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Figure1l. (a) A scene reRected off a specular surfaceNIM.C. Escltdt,Life with Spherical Mirror, 1934. (b) Anamorphic image.

images from any curved mirror surface, as illustrated cover the local geometry up to brst order (second order
by the anamorphic images that were popular during up to one free parameter). An example is shown in
the Renaissance (see Fig. 1(b)). This inverse problemFig. 6. Second, we show that by exploiting local po-
may become tractable under the assumption that thesition, orientation and local scale measurements of (at
structure of the scene is known. least) two ref3ected curves intersecting at a point, the
surface geometry at such a point can be recovered up to
third-order. An example is shown in Fig. 12. Third, we
1.1. Proposed Approach and Summary demonstrate that scale and orientation measurements
of the Results may be also extracted from the reRRection of a planar
scene patch of arbitrary geometry. We prove that lo-
In this study we assume that both the camera (modelled cal surface shape can be estimated if locations of (at
as a perspective camera) and the scene are calibratedeast) 3 arbitrary points are available within a neigh-
Weignore the contribution of other visual cues such as borhood of the re3ected scene patch. These results are
contours, shading and texture and we focus on the ge-summarized in Table 1.
ometry relating a scene and its corresponding reRected
image. We use this relationship to estimate the local
shape of the mirror surface. 1.2. Previous Work and Our Contribution
We start from the observation that the mapping from
ascene line to its reRected curve in the camera image Previous authors have used highlights as a cue to
plane (due to mirror reRection) changes OorientationOnfer information about the geometry of a specular
and OcurvatureO of the scene line as well as Ostretches@rface. Koenderink and van Doorn (1980) qualita-
its length, modifying the local scale of the scene line. tively described how pattern of specularities change
See Fig. 2. We brst analyze this map and derive ana-under viewer motion. This analysis was extended by
lytical expressions for the local geometry in the image Blake et al. to stereoscopic vision (Blake and Brelstaff,
(namely, brst- and second-order derivatives of the re- 1988; Blake, 1985). Additionally, Zisserman et al.
Rected image curve at any given point) as a function of (1989) investigated what geometrical information can
the position and shape of the mirror surface. We then be obtained by tracking the motion of specularities.
generalize our results to a planar scene of arbitrary tex- Other approaches were based on the idea of modelling
ture and describe the mapping between a local planar specular rel3ections with re3ectance maps (Healey and
scene patch to the corresponding refl3ected patch in theBinford, 1988) or introduce them in the context of pho-
image plane as a function of the local parameters of the tometric stereo (Ikeuchi, 1981). Oren and Nayar (1997)
mirror surface. Finally, we explore the inverse problem performed an analysis on classibcation of real and
in three settings. virtual features, and developed an algorithm recov-
First, we show that by exploiting position and orien- ering the 3D surface probles traveled by virtual fea-
tation measurements of (at least) three re3ected curvedures. Zheng and Murata (2000) developed a system
intersecting at an examined point, it is possible to re- where a rotating specular object is reconstructed by
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measurement of the reRected pointin the image, the ori-
entation of the surface at the refection point is known
up to one distance parameter. In Section 2.2 we intro-
duce a new reference system to give a simpler surface
representation. In Section 2.3 we debne the mapping
between a scene line and the corresponding refl3ected
image curve. We conclude the section by sketching out
our proposed reconstruction scheme.

Camera

Figure2. The setup. . .
P 2.1. Notation and Basic Geometry of Specular

Reflections

from various image measurements. In Section 6, we
describe a practical algorithm for surface local recon-
struction and validate our theoretical results with both
numerical simulations and experiments with real sur-
faces. We bnally discuss our Pndings in Section 7 and
propose a humber of issues for future research.

Points and vectors (i.e. difference of points) iD are
denoted by abold lower case lettée.gx = [x y Z]").
Tensors, matrices andXvectors are all denoted by
a bold capital letter (e.gX). Let ¢ be the center of
projection of the camera. The image plane is positioned
| distance units in front of, perpendicular to the view
directionv. Given a scene poin, let q be the image
2. Problem Formulation of p observed on the image plane through a specular
ref3ection onthe mirror surfacergsee Fig. 3(a)). Since
Our geometric setup is depicted in Fig. 2. For now, we we assume that the camera and the scene pattern are
assume that a calibrated scene is composed of a pla-calibratedp andq are known, whereasand the unit
nar pattern of intersecting lines. We will consider the normaln, to the surface at are unknown. It follows
general case of arbitrary planar scene in Section 5.4.5.from the perspective projection constraint that the point
The scene is reRected off an unknown smooth mirror r must belong to the line debPned byandq, resulting
surface and the ref3ection is observed by a calibratedin the following relationship:
camera. Our goal is to obtain local geometrical infor-

mation of the mirror surface aroumdy analyzing the r=c+ sd, Q)
deformation produced upon the pattern of lines inter- 5
secting at poinp. where the unitvectad = (qS ¢)/ qS ¢ is parallel

In Section 2.1 we introduce the notation and study to the line of sight, and = rS ¢ is the distance
the simple case of a single known point re3ected offthe from ¢ to r. With ¢ Pxed andq measured, the sur-
mirror surface. We show in Proposition 1 that given the face position at is completely determined by a single

T t pl
angent plane Image plane

Image plane

P()=p, +tap

Scene point
(a) (b)

Figure 3. Geometry of specular reflections. (a) Notation and therincipal reference system [uvw]. (b) Given a bxed camera positiena
mappingt R® r RS debnes a parameterized space cuftielying on the mirror surface, which describes the position of the reRection
point ast varies. Through a perspective projectie(t) is mapped to another parameterized cug{t) on the image plane.



distance parametsr Furthermore, let us call the plane
debned by, r andc theprincipal plane, letn, be its
unit normal vector and I&t denote the ref3ection angle
atr; then:

Proposition 1. The unit normal vector n, and the
reflection angle 6 are completely determined by the
position parameter s.

Proof: The geometry of our setup satisbes 2 basic

constraints:

1. By the geometry of specular ref3ection, the incident

vectorr S p and the reRected vecto6 c are copla-

nar with the normal vecton, and the plane they
debne is the principal plane; namely,
n, np = 07 (2)
where , denotes the inner product of two vectors.

. Furthermore, the angle between the incident vec-
tor andn, must be equal to the angle between the
relRected vector anal . Namely,

rSp

nr 9 - < 9

rS

P

n,d = 3)

which leads to

. rS
n,dS — 2P (@)

rSp

By combining Egs. (2) and (4), we can exprassas a
function ofs (up to a sign) as follows:

. rSp
n, = dSﬁ an
ScS(sS pScSsd )d
- PScS(sS pSec d)xnp_(5)
pScSsd

Similarly, the ref3ection anglé can be parameterized
by s as well by noting that

cos®=2cog081= d, —2P
rSp
which yields
2 sS d,pS
cost = — P> ¢ (6)
2 c+sdSp
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2.2. Reference System and Surface Representation

Following Blake (1985), we now introduce a new ref-
erence system to give a simpler surface representation
and a more compact relationship between higher or-
der local surface parameters and the remaining geo-
metrical quantities. We call this new reference system
the principal reference system [u v w]. The princi-

pal reference system is centeredraand w n,

v = np, andu = v x w. Given an arbitrary poina
represented in a reference systemy| z] centered in

¢, its corresponding coordinatasin [u v w] can be
obtained by a transformatian = R'(a S r), where

R = [np x n; np n;]. Proposition 1 implies that this
transformation is a function of the unknown parameter
s. Therefore, the choice of principal reference system
does not introduce any other unknown variables. From
now on we will work in this principal reference system
unless otherwise stated.

In the principal reference system, the normal of the
surface at the origin is and the tangent plane to the
surface at the origin is the plane debnedubgndyv;
thus the surface aroundcan be written in thepecial
Monge form (Cipolla and Giblin, 2000), yielding

1
w = E(au2+ 2cuv + bv?)

+ %(eu3+ 3f u?v+ 3guv?+ hod)+ ..., (7)
whereu, v, w are the coordinates of the special Monge
form in the principal reference system; b, c ande,

f, g, h are the second-order and third-order surface
parameters around respectively. Accordingly, we re-
fer to the distance parameteas the brst-order surface
parameter since it determines the position and normal
of the surface. Our goal is to recover these surface pa-
rameters around using quantities that are known or
measurable. Note that q, p are known by assuming
calibrated camera and scene.

2.3. Differential Approach

Letpo(= [poy Po, Po,]") denote a scene pointin 3D
space. A lingp passing througlpo may be described
in a parametric form:

(8)

wheret is a parameter anép = [spy Sp» Spw]’ is
the orientation vector of the line. Given a bPxed camera

p(t) = po+ tép






Proposition 2. The first-order derivative of the sur-
face curve r(t) at to (namely, the tangent vector £ of
r(t) atro) isafunction of thefirst-order surface param-
eter s and second-order surface parameters (a, b, c).
Soecifically, £h may be expressed as

u
kb=
wl
L J, 8 2bcos®  2ccosd 0 B,
=8 X 2c cosd J,S2acosy 0 B, |,
0 0 A 0
(9)
where
8p),, cosh sinf S (5p), cof o . (5p)y
B, = OP) (p)u B,=5 9Pk
Po Po
(10)
S+ 1 1
J=2 P -2y L Ju= 3,006, (11)
S Po S Po
A= (3, S 2acost)(J, S 2bcoss) S 4c? cog 6.
(12)
Proof: The Fermat principle (Born and Wolf, 1965)

stipulates that the ref3ection poininust be located on
the mirror surface in such a way that locally minimizes
the length of the specular path from the scene pgotot
the camera. Thus, the refRection poimtcan be found
by solving a constrained optimization problem, that is:

minimize rSp + rSec

(13)
subjecttog(r) = O,

whereg(u, v, w) = 0 denotes the implicit function
of the mirror surface, which can be obtained from its
Monge form (7) as:

9(u, v, w)
<1
= wS E(au2+ 2cuv + bv?)

.1
S E(eu3+ 3f ulv+ 3guv?+ hvd)+-..= 0.
(14)
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By applying the Lagrange Multiplier Theorem, as
demonstrated by Chen and Arvo (2000), we obtain

X (r)+ xi(r,t)+ 2 g(r)=0

, (15)
9(r)=10
where we have usex] andx; to denote the incident
direction (depending on both andt) and ref3ection
direction (depending on), which are debPned respec-
tively as

_ rSp()

Xj = 71.? p(t) s (16)
_ rSec

Xr = o a7

Notice thatx, has already been introduced dsn
Eq. (1). Here we emphasize the dependencer.on
Eqg. (15) is a non-linear system of 4 equations in 5 un-
knowns , r and 1) and obviously (Oro, 2 cost)?is
one of its solutions. We refer to it &ermat equation
and denote it b¥(t, r, A) = 0, where each component
of F = [F, F, F3 F4] captures the left-hand side of one
of the equations in (15).

We take advantage of Implicit Function Theorem
to study the differential behavior af(t) aroundto.
The theorem states that if(ro, Ao) is asolution of
F(t, r, A) = 0and the Jacobian

oF(t,r, ))

A = det
© a(r, )

:O’

t=tp

(18)

the smooth mapping function(t) exists around the
neighborhood ofy. Furthermore, we may compute the
derivative ofr(t) with respect td by differentiatingF
with respect td. By chain rule, we obtain:

B(t,r, 1) =S J(t.r, 1) S(t), (19)
where
_ 9F(t, T, 2) _ 9F(t,r, A)
B(t, r, )\) = 4{” y J(t, r, )“) - 8(1‘, )\') ’

S(t) = [u(t) 6(t) w(t) AO]T = [Et) Ko™
We may expres8 andJ as follows:

B= = Ja3 g(r) ’

20
(g’ O 20






Proof: It is not difPcult to show thatj is propor-
tional to the perspective projection éfinto the im-
age plane. Thus the plane debneddgnd ¢ con-
tainstl Let n; denote the normal vector of this plane,
then we haven;, i = 0. Since n,, i = 0, we
have% = :::—2 up to a sign, which gives rise to
Eq. (28). =

More generally,
Proposition 4. Let r(t) be the surface curve and q(t)

be its camera image. Then respective tangent vectors
arelinearly related:

G=Th (29)

where T is a 3 x 3 matrix function of the camera
parameters, ro and qo. Specifically, the matrix T is
defined as follows:

dv’
dv

| N
S
sd,v

T= (30)
whered = (qSc¢)/ qSc ,s= rSc ,visthe
view direction and | isthe distance from ¢ of theimage
plane along v.

Proof: Lettingy(t) = q(t)Sc / r(t)Sc be
the ratio between the distance franto q(t) and that

from ¢ to r(t). We may express the image plane curve

q(t) asfollows:
at) S = y(Or(t) S o). (31)
Thus,q(t) satisbes
qt)Sev =1,

which can be expressed in termsjolusing Eq. (31),
yielding
y®) rt)Sev = 1. (32)
Differentiating Eq. (32) with respect to we have
prScv+y v =0 (33)

We may then solve foy from Egs. (32) and (1) and U
from Eq. (33), obtaining

I : I
rt)Sec,v T sd,v

: (34)
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.o« | Av
=S ——. 35
M=S e (39)

Note thaty andjydare both evaluated &t= ty. Using
Egs. (34) and (35), we can differentiate Eq. (31) with
respect td and computaj as follows:

§= yf+ syud, (36)
I L dvT

= 1S = TE¢ 37

sd,v dv t (37)

O

3.2.  Second Order Analysis

3.2.1. Second-order Derivative of r(t). Inthis section
we study the second order differential behavior @j
aroundt = tg.

Proposition 5. The second-order derivative of the
surface curve r(t) at rg (i.e., to) is a function of the
first-order surface parameter s, second-order surface
parameters a, b, ¢ and third-order surface parameters
e, f, g, h. Particularly, it dependslinearly onthethird-
order surfaceparameterse, f, g, h. Specifically, mmay
be expressed as

tin. tip
r=ntn= n +f ow (38)
wn O
wherethefirst termis
b _ o 1 J, S 2bcosh  2ccosh
m A 2ccosd J. S 2acost
D+ J,w (39)
D2
wy =S alf S 2ciid S bif, (40)

and D;, D, (which are both functions of t and d) are
derived in the proof; the second termis

tp _ 2cosd J,S2bcosy  2ccosd
w A 2c cosd Ju S 2acosp
e
y W 200 ¢ 0 1)
0 W 2w & g
h



Furthermore, it follows from Eq. (22) that

<

Se f 0
Ci= oHy _ Sf Sg 0
h= op T g ,
0 0 O
Sf Sg 0
,_ M2 <
G, = W: Sg Sh 0 , (44)
0 0 O
3
C3 = % =
h or
Consequently, we can compute
3«]%3 — j j j j
) Cl+C +C, H|,,
Moreover, we have
a( 9)
—=—=THy 0]sa.
a(r, 2) [Hg Olas
DebPne
C= C'+Clan+HMY) C2+ C7 i)

+HJt)  C7+ CF i) + HIMD) 5,
A Cif(t) CRet) CRit)
Sei(0)S fu0) Sfu(0)S gi0) O
A Sfu0)S gi0) Sgu0)S hi(0) 0
0 0 0

a
I

It follows from the chain rule that

dit,r,2) _ A O C+ C  HgH)
dt 0 0 Hyit) © 0
A+ C+ C Hyit)
= T (45)
HE(t) 0

Finally, by substituting Eqgs. (43) and (45) into Eq. (42),
we obtain

A(E(t) S sp) & A+ C+ C Hg)
0 - Hyi(t) | 0
1'E(t) g Js3 glr) r1)
) (gr)" 0O L ON
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which may be expressed as
D=& Ja3 ] gr) 1) ’ (46)
( 9(r) 0 At)
whereD is debned as
_ A@DSsp) | A+ C+C HgH)
- 0 Hgti(t) ' 0
0
M)
_ A S sp)+ (A+ C+ HOH)EC)
(Hg(1))T£(t)
C £(t)
0
= Dy + Ds. (47)
Here we have debned
b= AEDSIDT AT CrHOHIED o
(Hg(t))T£(t)
and
p,= 00 (49)

Notice that the third-order surface parameter§ g, h

(of the Monge form, see Eqg. (7)) only appear in the
second termD,. From the last row of Eq. (46), we
obtain an expression in the second order parameters
a, b, c of the Monge form:

auP(t) + 2cu(t)dt) + biP(t) S w(t) = 0,
which yields
w(0) = al(0) + 2cui(0)6(0) + biP(0).  (50)

In addition, we can solve fo#(0) andv€0) from the
prst two rows of Eq. (46). Specibcally,

D+ Dy + J,w(0)

D, + D2
_& J.S 2acosd  S2ccosd t(0)
- S2ccosyd  J,S 2bcosd  w0) ’
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whereD;, D, andD,, D, denote the pbrst two rows of
D; andD,, respectively. In particular, suppose thayg
denotes the third row db,, it follows from Eqg. (48)
that

D: D, D3 '=(2A+ C+ AtHHL) S Asp,

(51)
and
e
D, . W 206 @ 0 f
=S 2cosh . L
D, 0 W 20 & ¢
h
(52)
Consequently,
#0) & 1 J,S 2bcosy 2ccosd
w0) T A 2c cost J, S 2acosh
D1+ Dy + J,w(0)
D, + D2

Hence, by combining with Eq. (50) the proposition is
proven. O

Proof: Torelate the second-order derivativer¢t) to
that of its image plane projectiay(t), we differentiate
Eq. (36) with respect tb, obtaining

q= yr+ 21+ psd (55)
wherey, @ are debned in Egs. (34) and (35), gnd -
may be computed from further differentiating Eq. (33),
yielding

e 2BV +y nv

sd,v

(56)

Thus we obtain an analytical expression ooy sub-
stituting into Eq. (55), that is

=y nrS DY 4 + 21 AS BY aq
,V d,v
=T rS Av B = T[rSafl. (57)
sd,v
Od

In accordance with the decompositionrgf Eg. (38),
we may also dividepinto two terms

o= qut+ q, (58)

Note that Eq. (40) expresses MeusnierOs Theorem (see

(Carmo, 1976)). Additionally, note that the second term where

of Eq. (38) depends linearly on the third-order surface

parameters; bnally, when the third-order terms of the _ &
. =T mS

Monge form of the mirror surface are equal to zero, sd,v

CA = Ofor j = 1, 2, 3and the second term of Eq. (38)

is zero. This leads to a special case in surface recon-

Bv i, g=Tr.

(59)

struction as we shall see in Section 5.1.
3.2.2. Relationship between 1, i and q.

Proposition 6. Let r(t) bethe surface curve and q(t)
its camera image. Then, mand g are linearly related:

= T[rS af, (53)

wherethe3x 3 matrix T and the scalar o arefunctions
of the camera parameters, rg, qo and £l Specifically, T
isdefined in Eq. (30) and « as follows:

2
sd,v

v . (54)

o=

Notice that third-order surface parametexsf, g, h
only appear in the second tergp.

3.2.3. Relationship between 1, i and 1.

Proposition 7. Thecurvature«? of q(t) at qp may be
expressed as.

nv [t'l,v,d]é Bv [mv,dl+ d,v [nv, 6
62dv?+ Av2S2Av Ad d,v 2
(60)
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Proof: For a planar curveq(t), its curvature and y? i i
. ; e = (A2dv?+ fAv?
geodesic curvature are equivalent. Thus, from differ dv?2
ential geometry (Cipolla and Giblin, 2000) [Eq. (2.26), 324y Ad dv)
p.37]
q, n Therefore, we obtain
K= ——. (61) |
4 § = (62dyv?+ fy?
heren? 4_ By taking the scal duct with S
wheren® = vx —. By taking the scalar product wi 0§ . 1/2 -
n% on both sides of Eq. (55), we have S26v ad dv)7 (67)
q q g q By combining Egs. (67) and (66), we bnd the bnal
q@n’ =y nnl +2@aant +psdnt. expression (60) fokd. O

(62)
Proposition8. «% dependslinearly onthethird-order
By using Eq. (36), we may express the three dot prod- surface parameters.
ucts in Eqg. (62) as follows:
Proof: #lin Eq. (9) andr in Eq. (38) are indepen-
dent of the third-order surface parameters, and only

1
g 1 .
nat = —o inv. d+salnv.d).  (63) o second termy in Eq. (38) ofmdepends linearly on
sy e, f, g, h. Thus, the proposition follows from Eq. (60).
fnd = T’,"[ﬂ d. V], (64) 0
d,n? = y [d, v, 6. (65)
q 4. Properties of the Reflection Mapping

In the equations abovgA, B, C] denotes the triple |, this section we present several properties attached
scalz_ir product of three vectors. Supstltutlng Eags. ((_SS)D to Prst order derivative of the mappingl) when more
(65) into Eq. (61) and then simplifying the result using  than one line passes through the same reRection point.

Egs. (34), (35) and (56), we obtain Such properties will be used in Section 5 when we
1 study the inverse problem and we show how to recover
k9= — 5(s(ry S 2P [d, v, d surface position and shape from various type of image
4 measurements. We start by introducing in Section 4.1
+y%[n v, B+ sy@[n v, d]) the concept of geometrical conbguration as a geomet-
12 rical structure debned by a scene, an observer and the
= W( nv [8 v, d] mirror surface. We say that the geometrical structure

is singular if the mappingr(t) is not differentiable at
the refl3ection point andegenerate if distinct coplanar
scene lines are mapped into the same tangent direc-

S Av [nv,dl+ dv[nv d), (66)

where we have used the fact thid, v, f = tion after reRection. Then, we study in Section 4.2 and
S [& v, d], and the identity Section 4.3 the rank of the mapping whiindistinct
12 orientations oftl are considered (for both degenerate
S(py & 29P) = & - nv . and non-degenerate conbPgurations).
scd,v
Furthermore, it follows from Eq. (36) that 4.1. Geometrical Configurations

2 _ Let us assume a scene composedNotoplanar lines

§ °= @ 4 = yf+ spd, yd+ syd . _ '
a4 _ qzlql ) 4 - uey . M P1, P2, -.. pn through a pointpo.® As discussed in
=y B swt 2sypdo section 3, each scene lipeis mapped into a reRected
e 2 Ve Ve . .
=2 24 2 kv & 2,2 v d o curver;(t) on the mirror surface and an image curve

dv? d,v q; (t) observed on the image plane, with their tangent



44 Savarese, Chen and Perona

vectors aty denoted by andd; respectively. Letp
be the angle betweeaf) and theu axis atrg, and let
Y;i be the angle betweai§j and horizontal axis in the
image plane afjo. It then follows from Eq. (27) that
the tangent direction tap) of rj(t) can be computed

by

(Ju S 2acosh)B,, + 2cB,, cosd
(3, S 2bcosd)By, + 2cB, cosh

tang; = (68)

The corresponding tangent direction tgnof q;(t) in
the image plane can be related to ¢garby means of
Proposition 4.

Definition 1. We call a geometrical configuration

© = ©(¢, po, p1, P2, --- Pn To, Iy, &, b, C) ageo-
metrical structure wherpg is a a scene point, is an
observerr is the corresponding rel3ected point on a
mirror surfaceS, n; is the normal oSatrg, the quanti-
tiesa, b, c are the second-order parameterSaround

ro in the principal reference system apg, p», ...,

pn aren coplanar distinct scene lines passing through

Po-
4.1.1. Singular Configurations.

Definition2. Wecall a geometrical conbguratigim-
gular if the condition (18) for the existence of the map-
pingr(t) around the neighborhood gf is not satisbed
(i.e. if the Jacobiam\ = 0).

Notice that if A = 0 the mappingr;(t) is not dif-
ferentiable aty. An example of singular geometrical
conbguration is shown in Fig. 4.

Proposition 9. A geometrical configuration g issin-
gular if and only if the condition

= J
2 u v
= Sb 69
2cosd 2cosh (69)
holds.
Proof: from Proposition 2, condition (69) holds if

and only ifA = 0. 0
Proposition 10. If the surfaceisa convex paraboloid
intheneighborhood of thereflection point, thenthecor-
responding geometrical configuration is non-singular.

Proof: If the surface is a convex paraboloid in the
neighborhood of the ref3ection point, the second order
parameters, b andc satisfy:

a<0 b<oO

70
2 <ab (70)

Let us assume by contradiction that the geometrical
conbguration is singular. Sincg, J, > 0 and the

reflected curve q(t) |

‘4....\45.!121«4"‘
Q... .

150

‘Image plane

300 350 400

(b)

Figure4. Example of singular geometrical configuration: (a) A line p(t) passing througipo is re3ected off a paraboloid mirror and observed
by a camera. The curvature of the paraboloigpds such that the corresponding geometrical conbguration is singular. (b) The reBected image

curve is shown. Notice the discontinuity of mappig() atqo.
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about the 3 parameteash, c. In fact, let

a= J, S 2acosh,
g=J,S 2bcoss,
y = 2CC0sh,

then Eq. (68) can be represented as

o
B, SBytangi B, SB,tangy B =0,
Y
denoted by
Hhg= 0, (75)
where

g=[JS 2acost J,S 2bcosy 2ccosh],T (76)
andH, is an x 3 matrix debned as

B, SBytang; By S B, tang;

sz é Buz tan¢2 BUz é sz tan¢2
Hy= : . . (77)
B, SBytang, By S B, tang,
In the following we show some properties of
Rank(Hy).

Proposition 12. Given a non-singular geometrical
configuration g, the Rank(H,) isalwaysdifferent from
zexo.

Proof: Suppose by contradiction th&ank(H,) =

0. Then, each entry oH, is zero. HenceB, =
By, = 0 for i. Thus, all scene lines lie in the
principal plane formed by, ro, po and satisfy the
constraint §p;),,cosgsing = (8p;j)ucosH, namely
(6pi)u/(Bpi)w= tand. As aresult, each scene line is
oriented along the incident vecteg S po, contradict-
ing the underlying assumption ofdistinct scene lines
(see Debnition 1). O

Proposition 13. Given a non-singular geometrical
configuration g, Rank(H,) = 1forn 3, if and only
if o is degenerate.

Proof: We denote the row vectors @, by hy, hy,
..., hy.

1. () If Rank(Hy) = 1, any 2 rowsh; andh; of Hj,
are linearly dependent, namely there exists a scalar
o = Osuchthahj = «ah;. Thus,

B,,j = aB,, Q)
By, tang; = « By, tang;, (2)
By, S By, tang; = «By, S «B,, tang;, (3)

Substituting (1) and (2) into (3), yields the following
equations:

(tang; S tang;)(By, S B, tang;) = 0
(tang; S tang;)(By, + B,, tangj) = 0

which is satisPed when eithgr = ¢; or tang; =
SBy,/B,, and tanp; = By, /B,.If ¢ = ¢;, it fol-
lows from Proposition 11 (see proof, step 2) that
pi andp; debnes a plane passing throyghand

ro. Since the scene lines are coplanar from Deb-
nition 1, it follows immediately that all the scene
lines fall in this same plane passing throuct
which leads to a degenerate conbguration accord-
ing to Proposition 11. In fact, if there exists a pair
of rowsh; andh; such thaty; = ¢;, g is degen-
erate. If tany; = S By, /B, and tanp; = By, /B,,,

by considering another pair of rovis andhy and
following the similar derivations, we may obtain an-
other pair of constraints, that is, tan= S By, /By,

and tarnp, = By, /B,,. Therefore, we have; = ¢,
again leading to a degenerate conbguration due to
the reason mentioned above.

2. () If the geometrical conbguration is degenerate,
then according to Debnition 3 and Proposition 11
(see proof, step 1) k, such that i, j, By, /B, =
By, /B,; = k. It follows thath; = h; k By, /B,;.
Thus,Rank(H;) = 1, sinceRank(H,) = Oisguar-
anteed by Proposition 12.

|

Proposition 14. Given a non-singular geometrical
configuration g, Rank(H,) = 2forn 3, ifand only
if o isnon-degenerate.

Proof: We denote the row vectors oH, by
hy, hy, ..., hq.
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Proof: Table3. Rank property ofd, for arbitrary tangent directions.
. . . ) e
1. () Wewantto show thatif>(s) is degenerate then Rank (M) deg  non-deg. Pointer
Rank(®,) = 2. It follows from DePnition 3 and - . . —
Proposition 11 (see proof, step 1) tha, Bui — ¥ compatible withp(s) 1 2 Proposition 13
kB, i = j.Ifk= , wemay expres, as Proposition 14
follows: ¥ not compatible withp(s) 2 3 Proposition 16
Proposition 17
By, O 0
f- WE- °
nooTnTn : entations9, contradicting the non-compatibility
assumption.
0 0 ... By, O
I Stand, 1S Ltand
1 Stand, 1S Ltand, Proposition 17. Consider a geometrical configu-
x K K ratlon ©(s), an arbitrary set of tangent directions
: = [\Pl, 192, ..., ¥,] and its corresponding projec-
% Stand, 18 %tan@n tlons [H0, &, .. @n] on thelrnageplane_A_seurrlethat
tangent or|entat|ons are digtinct; i.e, i, j(i = j),
# = ;. Additionally, assume that 9 is not compati-
Hence, Rank(y)= Rank(H ;) min(Rank e ith o(s). Then, Rank(Bly) = 3if and only if ()

(Hn) Rank(Hn)) Since the third column oH

can be expressed as a linear combination of the
prst two, Rank(Hn)

2, and thusRank(®,,) 2.

On the other hands, we havRank(R;) 2
from Proposition 15. ThereforeRank(Md,) = 2.

Furthermore, ik =

is non-degenerate.

Proof:

1. () By contradiction, assume th&ank(®,,) =
3. By Proposition 15Rank(H,) 2 and since

Rank(d,) 3, Rank(l,) = 2. It then follows
B, 0 B, tand from Proposition 16 thap(s) must be degenerate,
" e contradicting to our assumption.
A - AR = B, 0 By, tand, 2. () By contradiction, assume thatis degenerate.
A U L It follows from Proposition 16 thaRank(®,,) = 2,
' i contradicting to the assumptidRank(®,) = 3.
BUn 0 BUn tan&n

|

which leads again tRank(®,) = 2.

. () We want to show that ifRank(®,) = 2
thenp(s) is degenerate. Assume by contradiction
that p(s) is non-degenerate. Consider the system
KB.g = 0in Eq. (75). SinceRank(®,) = 2, vec-
tor g is perpendicular to the plane spanned by any
two rows of B,. That is,g = r h, wherer is an
scalar parameter arid= [h; h; h3]T = hi x h;,
wherehy, h; are thekth and jth rows of H as- 5.1.
sociated with 2 arbitrary linep, and p;. Since

g = [JS2acoss J, S 2bcosd 2ccosd]’, we In this section we study the inverse problem and apply
have found a family of values fom, b, c and a the analytical formulas derived in Section 3 to recon-
corresponding family of non-degenerate geometri- struct the geometry of a mirror surface by measuring
cal conbgurationg(s, a, b, ¢) which are param- its deforming effects on a scene planar grid. We start
eterized byr and vyield the set of tangent ori- by showing in Section 5.2 that if the measurements

We combine Propositions 15017 under the name of
Generalized Rank Theorem.

To sum up, we have listed the results obtained in this
section in Table 3.

5. The Inverse Problem

Inverse Problem
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Table4. Comparison of the two algorithms.

Estimated surface

Algorithm Measurements guantities
Al pointqp + orientation distance, tangent plane
of 3 lines throughyo atrg
A2 pointqp + orientation distance, tangent plane,
=i & scale of 2 lines curvature and 3rd
throughqo order parameters ag

Figure6. Data gathered from the image. In this example the mea-
surements are the orientations of the reRected cupvesg, andqs
ewvaluated at the intersecting poig$ and the position ofjg in the
image plane. 3arbitrary points is available within a neighborhood of

the rel3ected scene patch.

For clarity, throughout this section, we indicate the
of orientation and position of (at least) two reected quantities measured in the image plane with the su-
curves are available, the parameters describing local perscriptm and the quantities associated with different
shape of the surface can be reduced. Then, we demon-scene lines with a subscript. For example the measure-
strate in Sections 5.3 and 5.4 that by exploiting different ment of the Prst-order derivative of thi curveq; (t)
types of image measurements and by assuming that thein the image plane is indicated l".
scene is calibrated, we may recover the shape of the
mirror surface to different accuracy. We take advan-
tage of the results proven in Section 4 to study degen- 5.2. Parameter Reduction
erate solutions and ambiguities of the reconstruction
problem. In this section we show that if the measurements of

We present two reconstruction algorithms. The brst the orientation of (at least) two ref3ected curves and the
algorithm (call it A1) assumes that the orientation of at position of the point of intersection are available, the
least 3 lines are available at the same intersection pointparameters describing the surface position, orientation
(see Fig. 6). The algorithm estimates surface position and curvature (i.es, a, b, ¢) can be reduced from 4 to
and orientation at the ref3ection point. Surface curva- 2.
ture and the third order surface parameters can only Asdiscussed in Section 2, we refer to paramsts
be recovered up to a free parameter. Surface curvaturethe distance betweanand actual rel3ecting poimp.
can be fully estimated only when the third order surface Denote byw™ = [y, ¥, ... ¥"] the set of tangent
parameters are negligible. directions measured g for the image curveq, q2,

The second algorithm (call it A2) assumes that ori- ..., q, (images of then scene linepy, p2, . .. pn iN-
entation and scale of at least 2 lines are available at thetersecting apg). We may construct thex 3 matrixH
same intersection point (see Fig. 12). Scale information and the vectog in Eq. (75) from measurementd&{*
measures the OvelocityO along the line in the image, asandq) and known geometrical quantities from cali-
suming known velocity along the line in the scene. The bration. Notice that in Eq. (75) measurements and sec-
algorithm estimates surface position and surface orien- ond surfaces parameters are separated. In fact, tangent
tation at the reRection point; additionally, it estimates measurements are containeddronly and second or-
surface curvature and the third order surface parame-der surface parameteis , c) are contained ig only.
ters in closed-form. These results are summarized in BothH andg are function of.

Table 4. Proposition 14 suggests that given a non-singular

Finally, in Section 5.4.5 we show that the hypothe- geometrical conbguration, the vectpin Eq. (76) is
sis on the structure of the scene (i.e. scene composedperpendicular to the plane spanned by any two rows
of a grid of intersecting lines) is not necessary. We of H. That is,g = r h, wherer is an unknown scalar
demonstrate that scale and orientation measurementparameter anth = [h; h, hz]" = hy x h;. Here
may be also extracted from the ref3ection of a planar hy, h; are thekth and jth rows ofH associated with
scene patch of arbitrary geometry. We prove that local 2 arbitrary linespx andp;. As aresult, only two lines
surface shape can be estimated if the location of at leastsufce to univocally constraim b, ¢ as a function of
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Table5. Algorithm Al.

1. Select a checkerboard intersection point and the its corresponding reRected point (e.g@idig in Fig. 6).

2. Select atriplet of lines from the checkerboard pattern (e.g. imagefings, p;) and corresponding ref3ected triplet of curves
(e.9.q1, g2 andqs).

3. Compute the position gfp and direction$p1, §p2, Sp3 of p1 p2, p3 respectively apg by interpolating B-splines through each
of p,, p,, p3 and by numerical differentiation @f,.

4. Estimate the position afp and directions ta", tang3', tang3’ of q1, q2 andqs respectively atyo from B-spline numerical
differentiation.

Compute matriH (Eq. (77)) frompo, qo, 5p1, 8p2, 8ps, tangy", tangd', taney'.
Recover the distanasfrom det@ T H) (up to ghost solutions).
Recover the refRection poirg on the mirror surface and the surface normal vectep &ty Eq. (1) and Eq. (5), respectively.

© N o o’

Recover curvature parameterd, ¢ by Eg. (79) up to one unknown parameter.

line pi, we may accurately measure the orientation of  Figure 7 shows the proble of dHt{H) as afunction

its reBected image curug atqo using B-spline inter-  of s for an instance of geometrical conbguration. The
polation. In fact, by constructing a B-spline that inter- function detd"H) vanishes a$ (actual solution) and
polates image points along the curve, the direction of s (degenerate geometrical conbguration). According
¢ (i.e.,tanp) can be calculated by numerically differ-  to Depnition 3, we can analytically predict degener-

entiating the resulting B-spline. Using these numerical ate geometrical conbgurations by checking whether the
estimates, our reconstruction algorithm can be summa-51e ofs satisbes thati = i % — ?. Forinstance

rized in Table 5. as in Fig. 7, since the surface pointjassociated with

belongstothe plane debPned by the scene lines, we know
5.3.3. Numerical Simulations and Discussion. Inor- from Proposition 11 thas gives rise to a degenerate
der to validate our theoretical results, we simulated geometrical conbguration and should be rejected. Ad-
specular reRections in MatLab. Given a set of scene ditionally, empirical analysis with Matlab shows that
lines, a known surface and the observer, the program the more one (or more) scene line approaches the prin-
computes the corresponding reRected curves imagedcipal plane, the lower is slope of dB&[H) ats . This
by the observer. Thus, all of the geometrical quanti- in turn leads to a worse accuracy in estimatingSee
ties needed to form the matrbl can be numerically  for example the point highlighted with dashed circle in
obtained. Fig. 17).

2 | -log |det(HTH)|....

Degenerate
solution’

7" Correct
reconstruction

S Corregt " 'Degenerate . Ml
6,&-,_.v..vsolutlovn. Jodoi o solutioR b .
7\ | sImm
250 300 s* 400 s' 500 550 800 650
() (b)

Figure 7. Multiple solutions for det(HTH). (a) Proble of deHTH) as afunction ofs. The function deiHTH) vanishes at = s (actual
solution) and as = s (solution attached to a degenerate geometrical conbguration). (b) The reconstructed ointsfois the real surface
pointr; the reconstructed point far= s isrg, which can be easily rejected as it belongs to the plane debned by the scene lines.






Notice that the quantity in Eq. (82) is the determinant of
the 2x 2 matrix obtained by taking thieh andjth rows
and the brst 2 columns #F. Eq. (82) gives a necessary
condition for the mirror surface to be locally described
as a spherical paraboloid around the ref3ection point,
that is, Eq. (82) holds for any pair of scene lines.

Cylinder. Let us consider the circular section (with
radiusR) of a ¢ylinder. The surface can be locally de-
scribed as a parabolic paraboloid following the rela-
tionshipc? = ab (see Cipolla and Giblin, 2000). Again
from Eq. (79),

r =
(‘]vhl + \]uhZ) +

(Jh1+ Jh2)2S 4 hihp, S h3 3,3,
2 hih, S h3

(83)

It is not difbcult to show that the radius of the circu-
lar section isR = Coié, with &€ = arctanb/a). The

Second Order Ambiguity is solved up to a sign.

5.3.6. Recovering the Second Order Parameters-
General Case. |n order to reconstruct the second or-

der parameters of a generic specular surface, we are

required to determine the parameterwhich, from

Proposition 14, can not be solved by using more scene

lines. A straightforward approach to determmis to
apply our second order differential analysis and cur-
vature measurement for additional constraints. Specif-

ically, suppose that we can estimate the corresponding

curvaturex™ of q; (t) atqo, we may equate this image
curvatures with its analytical expressic,?\ derived in
Eq. (60), yielding

L [6,v,d]S f,v [rn,v,d]+ d,v [n,v, 8]
g 2d,v%+ f,v3824,v A,d d,v ¥2
(84)

Unfortunately, sincay derived in Eq. (38) is depen-
dent on not onlys, r (a, b, ¢), but also the third-order
surface parametess f, g, h, the constraint (84) does
not allow us to solve for from curvature measure-
mentk™. For a class of mirror surfaces whose third-
order terms are negligible, however, we are able to re-

cover the surface up to second-order accuracy using

the constraint (84). As derived in Eqg. (38),can be
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divided into two partsty, andry,, where only the lat-
ter term depends oe f, g, h. Whene, f, g, h 0,
r; simplibPes tam,, and the right-hand side of Eq. (84)
becomes a function dof, r only. With s determined,
we can estimate the free parametefrom the con-
straint (84) formed from the image curvature measure-
ment of a single scene line. However, usage of 3 or
more lines (combined with their corresponding curva-
ture measurements) allows more robust estimation to
reduce error from noise. For instance, we may estimate
the parameter by minimizing a mean curvature error
function debned as follows:
Ec(t)= «™S k9(r) (85)
wherex™ = [k« ..
See Fig. 9.

We conclude this section by showing that for large
values ofr, there exists a linear relationship between
image curvature and This property may used to esti-
mater in close form solution (rather that by least square
minimization of Eq. (85)).

MM anded = [kky .. kalT.

Proposition 19. The image curvature « for a scene
line is asymptotically linearly dependent on the free
parameter r.

Proof: We brst expresfiin terms of the parameter
Rewriting Eq. (79) we get

rh, = J, S 2acosd,
rho=J,S 2bcoss,
rhz = 2ccosd

(86)

Using Eq. (86), we can expreasin Eq. (18) as

A=r2hh,Sh2. (87)

It then follows from Eg. (9) that

. 1

f hihy S 12
h, hs
hs by
0 O

0
0
r hihy $ h2

X B, (88)

As a result, we may express

8= 1o o 0] (89)
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aa

Figure 9. Example of reconstruction af. (a) Upper: Mean curvature error functiok, (r) when the third order parameters are negligible.
The estimated is the value that minimizeE, (r). Since the third order parameters are negligible, estimatpdrfd actualr( ) values ofr are
coincident.Lower: The 3 solid lines are the second order parameters of the surface as funati@maafely,a(r), b(r), c(r)). The dashed lines
indicate the actual value @f, b, c. Solid and dashed lines intersectat= r . Thus, the estimated second order surface parametets,(c )

are calculated with no error. (b)pper: Mean curvature error functioB, (r) when the third order parameters are not negligible. The estimated

r is the value that minimizeg, (r). Since the third order parameters are not negligiblendr are no necessarily coincidehtower: The
estimated second order surface parameterd(, ¢ ) are calculated at= r = r and approximate the actual ones with non-zero error.

whereds, g, are independent af. Furthermore, we
may expres#(0) in terms ofr using Eq. (9), that is,

Ju(h2By + h3By)

. 1 .
0) = V $B,= -1, $B,. (90
MO) r hihy S h2 Pt (90)

with A, independent af. Wethen expresein Eq. (39)

and Eqg. (41) in terms af using Eqgs. (86) and (89).

That s,

1 0
2r2cosf G @

Juérhl rh3 0 1

w(0) =

x rhs J,Srh, 0 @
0 0 0 0
1
= — \] 2+ Jv s
2r2cosf uG %
81 hig? S 2hauap + ol
1 1
= —lg+ -l 91
Slo+ (91)

with lg, |, as terms independent ofand

t(0) _& 1 h2  hs
U(O) r hlhzé h% h3 h]_

D1+ D;+ Jyw(0)

92
Do D, (92)

LetOs examine the dependencéef D, D,, D, on
the parametaer. It follows from Eq. (47) that

[Dy D; D3]" = S Adp+ 2A 61+ A E A+ 2M0)HH),

(93)

[D, D, Dj]" = 26/ C é

where the tensof<€t andC are independent of, de-
rived from Eq. (47) as

C= C'+C c?+¢c? C+
C= C c:c.

Let vi denote vectors independent of the parameter
We may rewrite each term in Eq. (93) as

1 1
SASp= vy, 2AH= PACE HCH= AL
. 1
ﬂTCﬂ: —2V3,
r
. JLSrh rh 0
HoH =5 /S B “rh 1 J Sih 0
g 2r cosh 3 v 2

0 0 0
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N where quantities attached to tith curve are indicated
x O with the subscript. As aresult, the second order sur-
0 face parametegs b, c can be estimated in closed form
solution.

1
= —Vg+ —vg+ vg. . .
r2 r 5.3.7. Recovering the Third Order Parameters. AS
discussed in Section 3.2.3, the image curvatures de-
pend linearly on the third order surface parameters (see

Proposition 8). Thus, curvature measurements can be

Therefore,D1, Dy, D;, D, are linear combinations of
%, 1,r%. Itthen follows from Egs. (92) and (91) that

rdepends linearly ofi, 3, 7}. Consequently, itis  fyrther employed to constraint the third order surface
obvious from Eq. (60) that the image curvaturéor parameters. In fact, suppose that 4 scene lines are
ascene line depends linearly oh. _ro’ r'}, orequiva- considered and that the corresponding measurements
lently,  depends asymptotically linearly on O of curvature are available in the image plane. We can

derive from Eg. (60) the following system (in matrix
As aresult, we may express the image curvature as  form):

1
K= KOF + k1 + Ko, (94) k™"=k+Klefg h]T (96)

where expression fotg, x1 and«, have been derived  \herec™ = [kmem ... ™|T is the vector of measured

in the proof of Proposition 19. Third order surface pa- cyryatures, and the vectirandN x 4 matrix K are

rameters affect coefbcients and«; only, which is  fynction ofr and may be derived from Eq. (60). Numer-

conbrmed by numerical simulation (see Fig. 10). ical analysis shows thd is in general non-singular.
We can apply Eq. (94) to obtain an approximated Thys, the third order surface parameters can be ex-

closed form solution for when the third order param-  pressed as functions of the free parameter

eters are negligible and 0. If the image curvature One may wonder whether by adding (at least) a pfth

measurements dfi(N 1) lines are available: additional curvature measurement, the free parameter

_ r may be found. By adding (at least) a bfth additional
1N W)"S (k) (95) curvature measurement, exploiting the asymptotic lin-
N i (k2)i earity ofx and the fact that, does not depend an

430 440 450 460 470 480 490 500

Figure10. Numerical validation of Proposition 18pper |eft panel: Curvatures of 3 ref3ected image curves (depicted with different color codes)

are plotted as functions of the parameataevhen the third order parameters are not negligible. As stated by Proposition 19, the image curvature

« is asymptotically linearly dependent on the free paranreterthelower left panel the plots shown in the upper left panel are compared with

those obtained when the third order surface parameters are negligible (dashed bold lines). Notice that the probles (both asymptotically linear)
have the same slope, as predicted by our theoretical analysis (see zoom-in bosightthanel).
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we have

Km

k+Kl[efghr]" (97)
where vectok andN x 5 matrix K can be derived
from Egs. (96) and (94N  5;r 0. Numerical
analysis shows that matriK is singular. Theoretical
proof of this statement is postponed to future work.
We speculate that the 5th (and additional) measure-
ment would not carry independent information. As a
result, likewise the second order surface parameters
the third order parameters would only be recovered up
to the unknowm . We call this conjecture th&hird Or-

der Ambiguity. According to this conjecture, any mirror
paraboloid passing through a poigt sharing the same

,eters.

show that the hypothesis on the structure of the scene
(i.e. scene composed of a grid of intersecting lines) is, in
fact, notnecessary. Scale and orientation measurements
can be also extracted from the ref3ection of a planar
scene patch of arbitrary geometry. We show that local
surface shape can be estimated if the location of at least
3arbitrary points is available within a neighborhood of
the refRected scene patch.

5.4.1. Recovering the First and Second Order Param-

In Section 5.2 we showed that if we are able to
measure the tangent directions (ganand tanp;) for

(at least) two image curvag(t) andq;(t) at qo, the
unknown parameters are reduced frepa, b, ctor,

s. We start our analysis from this result. By debning

orientationn, atrg and having their second and third
order surface parameters belonging to the family de-
Pned in Egs. (79) and (96) respectively, would yield
relBected image curves with invariant orientation and
curvature atyp.

ve 1 h, hs
~ hhShZ hy hy

By
B,

B

we may re-expresin Eq. (88), as:

5.4. Image Measurement: Orientations + Local

Scale VB

0

fi=3 (98)

Sl

In this section we show that by measuring local posi-
tion, orientation and local scale in the neighborhood Accordingly, it follows from Eqg. (36) that the Pbrst-
of a reRected poinjg, the local surface geometry can order derivativet of the observed reection curve in
be recovered up to third-order accuracy. Local scale the image plane may be expressed in terms of the two
information indicates to which degree points along a unknowns ands:
relRected curve are deformed (stretched or compressed)
by the specular surface. Orientation and local scale in- -
formation may be captured by measuring the full brst
order derivative of the reRected curuggt), qz(t) ...
gn(t) at the point of intersection.

In Section 5.4.1 we show that by measuring the prst
order derivatives of at least two ref3ected curvagait
is possible to estimate surface positiog) @nd surface
orientation aty. Additionally, the second order surface
parametersg, b, ¢) can be estimated in closed-form
solution up to a sign. In Section 5.4.2 we show that
by measuring the second order derivatives of at least
two ref3ected curve ajo, the third surface parameters Assume that we are able to estimate the brst-order
(e, f, g, h) can be estimated in closed-form solution. derivatives ofqx(t) andq;(t) atqo (see Section 5.4.3
In Section 5.4.3 we show how to measure Prst and for details). We denote themlqu‘andqf“ respectively.
second derivatives of the relRected curves. Given theseBy taking the ratio " 2/ qrn ,we have
measurements, we present a reconstruction algorithm
which may be summarized in 8 steps. In Section 5.4.4
we discuss to which extent the truncation error due to 2 [BJV'O]IT'T Vo
Pnite appro_ximation of the_measyrements affects the i 2~ ToT e VB
reconstruction accuracy. Finally in Section 5.4.5 we J [B;’V' O]T'T ")

: (99)

where only the unknowa (notr) appears ifl’, V and
B. Then we compute the; norm of ¢ from Eq. (99)
as:

1
i 2= 4.4 = = B'VIO T'T (100)

(101)
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Figure 13. Reconstruction error. See Section 5.4.4 for details.

Let (&)7 and @) denote vectors consisting of ~whereMy, Mz, M3 are dePned as follows:
the Prst two components of),’ and @)} Using

h hg 0 0
Egs. (104) and (105), we obtain a constraint system for h2 h3
e, f, g, h by equating the estimateg,)y’ and &) M= ot 0 0 M, = T2z
with their real values, that is 0 O hy hs 0
0 0 hy hg
e W 20 ¢ 0
@) 2086 f 0 & 2 d
6:‘_‘2 :1 = cos ~M; M Mg , (106) Moz '“ﬁ p 0
(@Z)J r h1h2 S h3 g j 2|U|j Ulj j 0
h 0 uJZ 2u; ujz

(107)
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Table6. Algorithm A2.

Select a checkerboard intersection point and its reRected point (e.g. points liraRkiy112).

Select four neighboring points from both checkerboard pattern (e.g. 2, 3, 4, 5) and corresponding rel3ected pattedn &, &.)2
From 1, 2, 3, 4, 5 compui®) and the direction of two scene linép; andsp.

From1,2,3,4,5 estimateq™, ¢, ¢ andql", ¢}’ using equations (118) and (119).

Recover the distanaeby Eq. (101) fromg", ¢5'.

Recover the paramete(up to a sign) by Eq. (102) frorf", ¢4

Recover curvature parameteash(c) by Eq. (79).

Recover the third-order surface parameters (g, h) by Eq. (108) fromef", 3.

© N o g wDN R

interpolates image points along the curve, the orien- uvw reference system. Numerical approximation (118)

tation of g (i.e., tang) can be calculated by numerical and (119) gives rise to reasonably good reconstruction

differentiation of the resulting B-spline. results as long as the mark points are close enough to
Using these numerical estimates, our local surface each other (i.e.At small enough).

reconstruction algorithm at the intersection points of

the reRected pattern can be summarized in Table 6.

5.4.4. Reconstruction Error. The reconstruction er-
ror of our algorithm comes mainly from the truncation
error of the Pnite difference approximation (118). The
truncation error decays whext decreases. To analyze
how this numerical approximation affects the recovery
of the distance, the curvature and the third-order pa-
rameters of the mirror surface, we simulated a synthetic
mirror surface and implemented Egs. (101), (102) and
(108) in Matlab. Given the center of the cameand 2 (a)
scene lines intersecting p§, we observe two ref3ected
image curves depicted in Fig. 13 (Prst panel). The syn-
thetic mirror surface is positioned such that the distance _
s between the reRecting poing andc is 9 cm. The \
surface principal curvatures s arex; =S 0.603 and

Estimated tangent planes

k2=5 0.502, and the third-order surface parametersare ~.~ | AT .‘W };( K
e=$50.35 f=5 0.1, g= 0.2, h=S5 0.045. By numer- e “““-;,< | G R s
ically measuring the prst- and second-order derivatives > s o | D [ . -
at qo (i-e. point 1) using pairs of mark points located | - il | 8- ol | o <} ’
at increasing distancat from q (i.e. mark point pair b~ el | - I >
(2,2),...(5,5)), we recover the local surfacemtas | G i | e | > ‘ [
described in Sections 5.4.1 and 5.4.2. The remaining >+ | - | +< l |
top and middle panels of Fig. 13 show each surface pa- | | Pattern |

rameter that is computed as a function of the mark gap :
At, with the maximum percentage error reported at the ®)
_bOttom- Notice that the_ error O_f recovered distasCe  Figyre 16. Reconstruction of the sphere. (a) A spherical mirror
increases as a quadratic functionff, the curvature placed on the ground plane. We reconstructed 20 surface points and
error is one order of magnitude bigger than the distance normals on the mirror sphere with algorithm Al (see Table 5). The
error. and the third-order parameter error is one order reconstructed points are highlighted with white circles. For each sur-
of mé nitude bigger than the curvature error. In the face point we estimated the radius by means of Eq. (81). The ground
9 99 . truth radius was = 64.98 mm+ 0.013. The mean reconstructed
bottom panel the reconstructed surface (estimated by ragius was 68 mm and the standard deviation wa#nm. The

using mark points (55)) is qualitatively compared to  reconstructed region was located at a distance about 30 cm to the
the original one in botlw S v andw S u sections of the ~ camera. (b) Top view of the reconstruction.
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1
N I >
=t \\\ g '
(b)

Figure 17. Reconstruction of the cylinder. (a) A cylinder placed
with the main axis almost orthogonal to the ground plane. We re-
constructed the surface (at the points highlighted with white circles)
with algorithm Al. The dashed circle indicate an instance of point
for which the reconstruction is highly inaccurate due to proximity to
degenerate conbPguration (see Section 5.3.3 for details). (b) Top view
of the reconstruction.

5.4.5. Generalized Mapping. Inthis section we show
that the hypothesis on the structure of the scene (i.e.

= / Handle of
~ the i
! \ the lid
Al A
-
\ Pattern

(b)

Figure18. Reconstruction of the sauce pan’slid. (a) A sauce panOs
lid placed with the handle touching the ground plane. We recon-
structed the surface (at the points highlighted with white circles)
with algorithm Al. Notice that one point belongs to the handle
of the lid. (b) Side view of the reconstruction. Notice how the re-
constructed point on the handle sticks out from the body of the
lid.

scene composed of a grid of intersecting lines) is, in the coordinates in thenf n] reference system of a
fact, not necessary. Information equivalent to scale and generic poinip(m, n) belonging to the scene patch in
orientation measurements can be also extracted fromaneighborhood op,. Thus, we can dePne a mapping
the rel3ection of a planar scene patch of arbitrary geom- Q: (m, n) 2 q(m,n) 2 which maps a scene
etry, provided that the ref3ections of distinctive points point of coordinatesn, n) into the corresponding re-
may be identibed. Rected pointg(m, n) in the image plane. In the fol-
Let po be a scene point belonging to a planar scene lowing we show that if it is possible to identifd 6
patch. Letr, be the corresponding re3ection on the pointspy, p2,...pn (@swell astheir corresponding im-
mirror andqo, be its observation. See Fig. 14. Set a age rel3ectionq, qz, . .. qn) in aneighborhood ofy,

reference system whose origin is locatedpatand
whose orthogonal axim andn belong to the scene
patch and are arbitrarily orientated. Letandn be

then the mappin@ can be estimated up to second order
and local shape aroung can be recovered up to third
order.
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_Teapot with checkerboard pattern surface and camera were se8 & 0.5 meters apart.
The pattern was placed such that both pattern and its
specular ref3ection were visible from the camera (see
Figs. 12 or 6). In order to test the reconstruction algo-
rithms presented in Table 5 and Table 6 respectively, we
experimented with two types of patterns: one is the tri-
angular pattern introduced in Section 5.3.2, the other is
acheckerboard pattern as in Section 5.4.3. The camera
and pattern were calibrated by taking advantage of the
visible portion of the pattern and by using the Bouguet
calibration toolbox (Bouguet).
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Reconsticlion s 45-dogres view 6.1. Resultswith Measurement of Orientations

We validated the algorithm Al in Table 5 with four
mirror surfaces: a plane (Fig. 15), a sphere (Fig. 16),
a g/linder (Fig. 17) and a sauce panOs lid (Fig. 18).
We reconstructed 18 20 surface points and normals
for the each of these mirror shapes. Correspondences
between scene points and refRected points were estab-
lished by hand. The curvature was recovered for the
mirror sphere only. We tested the accuracy of the al-
gorithm in estimating position and orientation of the
Figure 20. Teapot Experiment. Top panel: top part of a teapot. we ~ Mirror plane. We calculated the corresponding ground
reconstructed the surface at the points highlighted with black circles. truth plane by attaching a calibrated pattern to the mir-
Bottom panel: 45° view of the reconstruction. ror plane and by recovering the position of 50 points on

the pattern. The ground truth plane was then obtained

as the least-square plane btting such set of points. The
6. Experiments least square error wasd2 mm. Additionally, we tested

the accuracy of the algorithm in estimating the curva-
We validated our theoretical results by recovering the ture of the mirror sphere. The ground truth diameter of
local surface parameters of some real mirror objects. A the sphere was measured with a caliper with accuracy
Kodak DC290 digital camera with 17921200 pixel 0.013 mm. Table 7 shows the statistics of the recon-
resolution was used to take the picture of a mirror struction error attached to these two experiments (see
surface refBecting a chosen ruled pattern. The mirror rows 1D3).

Table7. Statistics of the reconstruction error for plane, sphere and cylinder.

Alg. Surface Fig. Quantity GT Mean Error Standard Dev. N

Al Plane 14 Point position - $0.48 mm 115 mm 12
Al Plane 14 Normal orient. - Gx 105 rad 6&5x 105%rad 12
Al Sphere 15 Radius @mm 33 mm 70 mm 20
A2 Cylinder 18 Diameter 131.5mm 0.86 mm 8.5 mm 17

The Prst column shows which algorithm was used. The second one shows which surface was tested.
The third one shows the Pgure illustrating the corresponding quantitative reconstruction results. The
4th one shows the geometrical quantity whose reconstruction accuracy was evaluated. The 5th, 6th
and 7th ones show the corresponding ground truth value, the mean error and its standard deviation,
respectively. The last one shows the number of points reconstructed.
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Portion of car fender we want to reconstruct

Car fender with checkerboard pattern
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Figure21. Car Experiment. Top Left panel: top portion of car fender we wanted to inspeldp Right panel: we reconstructed the surface at
the points highlighted with black circles. Notice that one image sufbces to calibrate both camera and scene and recover the mirrorOs shape at the
marked pointsBottom |eft panel: 45 view of the reconstructiorBottom right panel: side view of the reconstruction.

6.2. Resultswith Measurement of Orientations can also estimate curvature parameters and requires a
and Scale simpler scene structure.

Wevalidated the algorithm A2 in Table 6 with a specu-

lar teapot (see Fig. 20), and a portion of car fender (see7. Conclusion and Future Work

Fig. 21). The recovery of the third-order surface param-

eters was validated in Fig. 13 using a synthetic mirror We analyzed the geometry underlying specular ref3ec-
surface. We tested the accuracy of the algorithm in es- tions of a known planar scene. We Prst presented the
timating the principal curvatures of the mirror cylinder differential relationship between a planar scene patch,
(base of the teapot). The ground truth diameter of the the local shape of a mirror surface and its correspond-
cylinder was measured with a caliper with accuracy ing specular reRection in the image. We studied several
0.013 mm. Table 7 shows the statistics of the recon- properties attached to this mapping and its degenera-
struction error (see rows$ 5). cies.

In Fig. 19 we qualitatively compared the cylinderOs  We used this analysis as a starting point for the re-
reconstruction results obtained with the 2 algorithms. construction problem: recover the shape of a specular
Overall, the two methods exhibit similar performances surface from the reRections in one image. Under the
in reconstructing position and surface normal at each assumption of an unknown mirror surface relRecting a
intersecting point. However, the second approach is known calibrated planar scene (e.g. a triangle-based
more advantageous than the 3-line approach in that it pattern, a regular grid or an arbitrary drawing) onto
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